In this paper we construct non-topological multivortex solutions to the nonrelativistic self-dual Maxwell-Chern-Simons-Higgs system in R 2 which make the energy functional finite. Moreover, our proof of the existence of solutions reveals precise asymptotic behavior of solutions near spatial infinity. Using exactly the same method, we also establish the existence of non-topological multivortex solutions to the relativistic self-dual Maxwell-Chern-Simons-Higgs system. 
INTRODUCTION
This paper is concerned with the existence of non-topological solutions to both relativistic and non-relativistic Maxwell-Chern-Simons-Higgs models. We shall briefly review the history of studies of the Chern-Simons models. The non-relativistic self-dual Chern-Simons model was introduced (see also [6] for a general survey of related models) by Jakiw and Pi [10] in order to explain quantum Hall effect, anyonic superconductivity, etc. Interestingly enough, the associated self-duality equations can be reduced to the wellknown integrable equation}the Liouville equation, and hence, are exactly soluble. Later, in [7] the model was generalized to include the Maxwell term in the Lagrangian density. To make the theory self-dual they found, using the supersymmetry argument, it is necessary to have an extra neutral scalar field in the Lagrangian. Unlike the pure Chern-Simons model case, the associated self-duality equations (or, the Bogomol'nyi equations) of our non-relativistic Maxwell-Chern-Simons-Higgs system are reduced to a complicated system of nonlinear elliptic partial differential equations, and it seems hopeless to find an exact solution of them.
Under the periodic boundary conditions Spruck and Yang [18] rigorously proved existence of solutions of this system, and later Tarantello [20] refined their results proving, in particular, the existence of solutions for wider range of parameters in the equations. For the self-duality equations in R 2 with suitable boundary conditions near infinity to guarantee the finiteness of the energy functional (the non-topological boundary condition), however, the existence of multivortex solution has been an open problem. The difficulty in that problem was not surprising, since with a similar boundary condition near infinity even the much simpler version of the problem}the existence of a general non-topological multivortex solution of the relativistic self-dual Chern-Simons system, introduced in [9, 11] }has been open until very recently; we note that Spruck and Yang [16] constructed only a radially symmetric non-topological solution of this system, and further analysis for the radial solutions was carried out in [5] . We remark that for the topological solutions, the existence of solutions and a constructive approximation scheme are studied in [17, 22] , respectively; for the periodic boundary conditions, the existence and multiplicity of solutions are studied in [1, 19] , respectively. We also remark that for the topological multivortex solutions of the relativistic self-dual Maxwell-Chern-Simons system in R 2 ; modeled in [14] , the existence, asymptotic decays and various limiting properties of solutions were established in [2] , and for the periodic boundary condition similar analysis is done in [3, 15] . Recently, in [4] , however, the authors of the current paper succeeded the construction of non-topological multivortex solutions of the general type in the relativistic self-dual ChernSimons system.
In this paper we extend substantially the method developed in [4] , and apply it to our more complicated system of self-duality equations. One of our main results is the existence of multivortex solutions of the general type of the non-relativistic self-dual Maxwell-Chern-Simons system. We also find very precise information on the asymptotic behavior of the solutions near infinity. Moreover we find that for the relativistic self-dual Maxwell-ChernSimons system the associated self-duality equations in R 2 with the nontopological boundary conditions have exactly the same structure as those of the non-relativistic self-dual Maxwell-Chern-Simons system after a simple nonlinear transform of equations. By applying exactly the same argument we also establish the existence of general non-topological multivortex solutions for this system.
NON-RELATIVISTIC SELF-DUAL MAXWELL-CHERN-SIMONS SYSTEMS
The Lagrangian density for the non-relativistic self-dual Maxwell-ChernSimons-Higgs system introduced in [7] is LðA; c;
where
is the covariant derivative associated with the gauge field
is the associated curvature and c ¼ c 1 þ ic 2 is the Higgs field and N is a neutral scalar field, e mnr is the totally skewsymmetric tensor with e 012 ¼ 1; q > 0 is the charge of electron, 2g=q 2 ¼ k > 0 is the Chern-Simons coupling constant, and m > 0 is the mass of the Higgs particle. Here we are using the Minkowski metric g mn ¼ diagðÀ1; 1; 1Þ; and the summation convention for the repeated indices as usual.
The static energy functional of the model is
The self-duality equations coupled with the Gauss law constraint (the variational equation for L with respect to A 0 ) for the static solutions ðA; c; NÞ are [7] A 0 ¼ ÀN;
AðxÞ; cðxÞ; NðxÞ ! 0 as jxj ! 1:
ð1:4Þ
Boundary condition (1.4) results from the requirement that the energy functional should be finite. Following Jaffe-Taubes [12] , we can reduce the system (1.1)-(1.4) to an elliptic system of partial differential equations by introducing the new unknown function u ¼ ln jcj 2 ; with
where fz j g k j¼1 and fn j g k j¼1 are the prescribed zeros of c and their multiplicities, respectively; the solutions ðA; c; NÞ of (1.1)-(1.4) are called multivortex solutions with the centers of vorticities on fz j g k j¼1 : In this case system (1.1)-(1.4) reduces to The boundary condition (1.7) is called non-topological, since R R 2 F 12 dx is not an integer multiple of some fixed quantity under this boundary condition; for more detailed discussions including the physical meanings of this boundary condition see [7] . Our aim is to construct a solution ðA; c; NÞ to (1.1)-(1.4) (or, equivalently (1.5)-(1.7)) with prescribed fz j g k j¼1 and fn j g k j¼1 that makes the energy functional EðA; c; NÞ finite. In order to formulate our results we introduce the functions r e;a ðzÞ ¼ where ff ð1Þ and wð1Þ are defined as limits of ffðrÞ and wðrÞ as r ! 1:
The following is our main result for the non-relativistic self-dual ChernSimons-Higgs system.
Then there exists e 0 > 0 such that for any e 2 ð0; e 0 Þ there exists a solution ðc e ; A e ; N e Þ to problem (1.1)-(1.4) with the following properties:
1. 
and then, using (2.2), Eqs. (1.6) and (1.7) are transformed into 
where r e;a is determined by formulas (1.8) and (1.9). It is well known that for any e > 0 and a 2 C 1 ; the function FðzÞ ¼ ln r e;a ðzÞ is a solution of the Liouville equation Recall that
In order to construct a good approximate solution to our problem we consider the ordinary differential equation holds true. Moreover, we have the asymptotic formula
ð2:10Þ
The proof of this lemma is given in Section 5. Now let us make the change
By elementary calculation we obtain the equations
Du þâg e;a ðe 
In order to make a next step in the transformation of (2.11) and (2.12) we should solve some boundary-value problem for an elliptic operator in weighted Sobolev spaces. First, let us introduce these function spaces:
; equipped with the inner product ðu;
4 Þuv dx; and
equipped with the inner product
These spaces are equipped with the natural Banach space norms
respectively. Thanks to the inequality
there is a continuous imbedding
Also, by the local regularity of the Laplace operator (see e.g. [8] ) we have
Denote ln þ r ¼ maxf0; ln rg: For functions from the space Y we have the following growth estimate near infinity: Lemma 2.2 Chae and Yu Imanuvilov [4] . There exists C 1 > 0 such that for all v 2 Y ;
ð2:14Þ
Now we consider the following boundary-value problem for given h 2 X :
; 1Þ be given. Then for any h 2 X ;
where C is independent of g; e:
Proof. It is well known that Eq. (2.15), with zero boundary conditions on infinity, has the unique solution R 2 W 2;2 ðR 2 Þ which satisfies the estimates
where the constant C in the second inequality does not depend on g; e:
Now it is convenient for us, instead of (2.15), to consider a sequence of an auxiliary problems
where k 2 Z þ : Obviously, the following estimates similar to (2.17) holds true
with constants C independent of k:
Taking scalar product of (2.18) with Z 1 R k ; where
Due to the identity DZ 1 ¼ 4; we estimate, using (2.19),
Thus, we have
Since DZ 2 4Cð1 þ jxj 1 4 Þ; using estimate (2.21), we deduce that
Then, taking, if it is necessary, a subsequence, we can assume
and by (2.21) and (2.22) is the solution to Eqs. (1.5) and (1.6). Of course one should check that this solution satisfies the boundary condition (1.7).
PROOF OF THE MAIN THEOREM
The mapping P constructed in the previous section is well defined for all
for all e 2 ðÀd; dÞ; where d is a sufficiently small positive number. In order to prove this result we shall use the Implicit Function Theorem [23] . First let us establish some regularity properties of the mapping P at the point 0.
We set
We have 
The proof of this proposition is based on Lemma 2.2, and uses only standard arguments. Thus we skip it. Now we establish some regularity properties of the mapping G 1 : Now we would like to study the properties of the operator A:
Proposition 3.4. The following inequality holds true.
This proposition is proved in Section 5.
Lemma 3.1. The operator A : Y Â R 2 ! X is epimorphic.
Proof. For given f 2 X ; we have to show that there exist u 2 Y ; a 1 ; a 2 2 R such that Aðu; a 1 ; a 2 Þ ¼ f : Let us define C AE ¼ R R 2 f j AE dx; and letC AE be the non-zero constants defined in Proposition 3.4. Hence, the function, f introduced below, is well defined.
On the other hand, in [4] we proved
Thus, there exists u 2 Y such that Lu ¼f; and we have
This completes the proof of the proposition. ]
Proof of Theorem 1. On the other hand, from the asymptotic formula (2.10) 
Þ and define 
Since u e ðxÞ ¼ 2n j ln jx À z j j þ Oð1Þ as x ! z j ; the function I 3 ðxÞ is locally integrable and by (3.12) where the constant C 5 is independent of x 2 R 2 ; and (3.12) we also find that
and is also integrable. Now we deduce the decay for I 2 :
Indeed, by (1.6) and (3.13)
This estimate implies that
The proof of (1.19) is complete. Finally, we note that since by (1.1) F 2 j0 ¼ N 2 e for j ¼ f1; 2g then by (3.13)-(3.15), (1.19) the energy EðA e ; c e ; N e Þ is finite.
In order to prove (1.20) we set
Then, we have
Du e e u e þ jru e je Also (1.7) yields zero boundary conditions at infinity GðxÞ ! 0 as jxj ! 1:
Thus, (1.20) follows immediately by the maximum principle. ]
ON THE NON-TOPOLOGICAL SOLUTIONS TO THE RELATIVISTIC MAXWELL-CHERN-SIMONS-HIGGS SYSTEM
The Lagrangian density for a relativistic self-dual Maxwell-ChernSimons-Higgs system introduced in [14] is
where we are using the same notation as in the previous non-relativistic case, and f ¼ f 1 þ if 2 is the complex Higgs field in this model. The static energy functional for this system is
In this model the self-duality equations coupled with the Gauss law constraint for the static fields ðA; f; NÞ are The former is called topological, and the latter is called non-topological. For the topological boundary conditions in R 2 ; and for the periodic boundary conditions existence of multivortex solutions, asymptotic decay properties and the Abelian Higgs limit and the Chern-Simons limit problems are studied in [2, 3] . In this paper we are considering the existence problem of finite energy solutions for the non-topological boundary conditions. We set as previously
where fz j g k j¼1 and fn j g k j¼1 are the prescribed zeros of f and their multiplicities, respectively. Then, by a reduction procedure similar to the previous case we obtain the equations We set
10Þ
Let w 0 ðrÞ be a function defined by formulas (1.10) and (1.11) withf ðrÞ ¼ À2gqC 1 : For the non-topological multivortex solutions of the relativistic MaxwellChern-Simons-Higgs system our main result is:
n j 50 and the function r e;a be defined by (1.8). Then there exists e 0 > 0 such that for all e 2 ð0; e 0 Þ there exists a solution ðf e ; A e ; N e Þ to problem (4.1)-(4.4) with the following properties:
1. The energy functional Eðf e ; A e ; N e Þ is finite, and the function f has the zeros fz j g k j¼1 with multiplicities fn j g k j¼1 :
2. where
ð4:15Þ
3. There exists a constantĈ ¼Ĉðg; qÞ and a function bðeÞ such that solutions ðf e ; A e ; N e Þ satisfy the decay estimate, Proof. If we transform the unknowns, ðu; NÞ ! ðu; SÞ by
18Þ then by elementary computation we find that (4.7)-(4.9) is reduced to with the same complex functions f ðzÞ and F ðzÞ are defined in (1.9). The function w 0 ðrÞ 2 Y ; introduced earlier is a solution of the ordinary differential equation
where the function rðrÞ is defined by (1.8) . Similar to the previous case the mapping G 1 is defined as follows: G 1 ðu; a; e; f Þ ¼ F is a solution of the problem
FðxÞ ! 0 as jxj ! 1 with ðu; a; e; f Þ belonging to the same function spaces as before. And G 2 Â ðu; a; eÞ is the mapping defined by 
Moreover we have the asymptotic formula
ln r þ oðln rÞ as r ! 1:
Proposition 4.1. The following inequality holds true:
The proofs are given in the next section. The remaining parts of the proofs of the existence and the asymptotic behaviors of the non-topological solutions are the same as in the previous sections.
PROOF OF AUXILIARY LEMMAS
In this section we prove Lemmas 2.1 and 4.1, and Propositions 3.4 and 4.1. For the proof of these we first recall the following formula for the Mellin transform (see e.g. [13] ).
ðn À 1Þ!sinðpaÞ ; a 2 ð0; 1Þ: ð5:1Þ
Proof of Lemma 2.1. We recall that givenfðjxjÞ 2 C 1 ðR þ Þ \ X ; the ordinary differential equation (2.8) has a solution wðrÞ 2 Y given by the formulas (1.10) and (1.11) [4] , where ff ð1Þ and wð1Þ are defined as limits of ff ðrÞ and wðrÞ as r ! 1:
From this explicit solution formula we find that w 0 ðÁÞ 2 C 0 ðR þ Þ; and thus (2.9) follows from (2.14). It suffices now to prove (2.10). We observe from formula (1.10) that Since j 0 ðrÞ ! À1 as r ! 1; (2.10) follows if we show
where we set l ¼ gâ 2b
;
Then, we write
We first compute explicitly to get f 1 ðrÞ ¼ 
We use formula (5.1), and find
Thus, we finally obtain
ð5:3Þ
We now claim I 2 ¼ 0: Taking the scalar product in L 2 ðR þ Þ of the equation
with the function rrj 0 and integrating by parts we obtain
where we used the fact j 0 2 kerðD þ rÞ (see [4] ). Thus, 
